The five globular clusters (GCs) of the Fornax dSph are puzzling for two reasons; the mass in GCs is high with respect to the galaxy's old stellar mass, and their survival and large distance (> 1 kpc) is at odds with naive expectations of dynamical friction. We present here a semi-analytic model, simultaneously addressing both problems in a comprehensive evolutionary framework for Fornax. Key to the model is inclusion of: 1) hydrodynamical constraints on the GC formation locations, 2) self-consistent velocity distribution functions in the dynamical friction calculations and 3) expansion of GC orbits due to a past dwarf-dwarf merger in the orbit integrations. The latter is crucial for reconciling the dynamical survival of the clusters, and their chemical properties with respect to the Fornax field stars. We find that in order for four of the GCs to survive at their observed projected location, a dark matter core of size r c > 1.5 kpc and a dwarf merger with dynamical mass ratio of 1:5 η 1:2 with Fornax is required. We support the merger scenario by showing that aspects of the field star metallicity distribution function and anomalous chemical properties of GC5, are representative of a merging galaxy which is ∼1/3 less massive than Fornax. Together the chemical and dynamical models suggest a scenario where three in-situ GCs in proto-Fornax were ejected to the outskirts during the merger, a GC4 formed during the merger at about 10 Gyrs ago, with GC5 being brought in by the merging galaxy to Fornax.
INTRODUCTION
Under the standard cold dark matter (CDM) paradigm, cosmological and N -body dark matter only simulations have found that the density profiles of dark matter haloes tend to have cuspy profiles in the inner regions (e.g. Navarro et al. 1996) . The scale free nature of dark matter suggests that these typically cuspy NFW halos are characteristic of all bound structures in a ΛCDM universe.
However, the predicted steep inner slope of the DM density profile is at odds with several observational constraints in low mass galaxies. Rotation curve decomposition of nearby spiral and dwarf galaxies (e.g. Oh et al. 2011; Adams et al. 2014; Brook 2015) has found that the slowly rising rotation curves are better fit by DM profiles with shallower logarithmic slopes to their inner density profiles. Additional observations of stellar kinematics of dSphs generally Email: leung@mpia.de suggest cored dark matter profiles (e.g. Walker & Peñarrubia 2011; Amorisco et al. 2013; Burkert 2015; Zhu et al. 2016 ). This is known as the 'cusp-core problem'.
There are two possible solutions to this problem. It has been shown that baryonic feedback can remove the central density cusps in CDM haloes of dwarf galaxies to produce central cores (e.g. Peñarrubia et al. 2012; Pontzen & Governato 2012) . In particular, Read et al. (2016) show that such cores are have sizes related to the underlying stellar distribution in dwarf galaxies. On the other hand, existing alternative theories such as warm dark matter (WDM), Bose-Einstein condensate dark matter (ψDM) and self-interacting dark matter (SIDM) predict shallow inner density slope even in pure DM haloes. The inner slope and the size of the dark matter core vary between different species of DM particles, between different DM particle masses within each species (e.g. Lovell et al. 2014; Schive et al. 2014a) , and in the case of SIDM, also between different DM interaction cross-sections (Kaplinghat et al. 2016 ). Precise observational constraints on the shape and the core size of dark matter haloes are therefore of strong importance.
The low-mass dwarf spheroidal galaxies (dSph) around the MW and M31 provide excellent test beds for the nature dark matter, as they are highly dark matter dominated objects (only after ultra-faint dwarf galaxies). Aforementioned methodologies, such as the rotation curve decomposition and dynamical modelling with stellar kinematics, have limitations such as uncertainties in stellar mass-to-light ratio and mass-anisotropy degeneracies. As an alternative, the survival of globular clusters (GCs) in dwarf galaxies has also been used as constraints on the dark matter halo shape, as the tidal forces and dynamical friction forces are sensitive to the total density that the GC sees.
For example, Amorisco (2017) suggested that the survival of low-density star clusters in Eridanus II and Andromeda XXV favours cored dark matter density profiles as a cuspy dark matter halo would exert too large a tidal force and hence disrupt the clusters. Together with considerations of dynamical friction and stellar evolution, Contenta et al. (2018) also found that the size and projected position of the low-density cluster in Eridanus II suggest a cored dark matter halo.
Of the classical dSphs, Fornax contains five GCs, which, together with extensive ancillary data of the host (e.g. stellar velocity, age and metallicity measurements), makes it a unique test case for probing the nature of its dark matter halo. All but one of the five GCs have stellar masses of > 10 5 M , the massive GCs in Fornax are therefore not subjected to destruction by the tidal field of the host galaxy, unlike the GCs in Eridanus II. The large projected distances of 240 to 1600 pc between the GCs and the center of Fornax, however, pose another challenge. With ages > 10 Gyr, they are naively expected to have already been brought to the center of the galaxy via dynamical friction from the field stars and the dark matter halo to form a nuclear star cluster (e.g. Tremaine 1976; Hernandez & Gilmore 1998) . This is known as the 'Fornax timing problem'. This discrepancy poses a challenge to our understanding of not only the Nbody problem, but also the nature and structure of dark matter.
N -body simulations have shown that the shape of the density profile of the underlying background particles has a profound impact on the orbital decay trajectory and therefore the time it takes for a massive infalling object to reach the galactic center (e.g. Read et al. 2006; Inoue 2009 Inoue , 2011 Cole et al. 2011) . In particular, cored dark matter halo profiles are found to allow slower decay than cuspy halo profiles. In addition, the orbital decay is found to stall in cored halo profiles, before the massive infalling object reaches the galactic center.
Semi-analytic prescriptions for dynamical friction (e.g. Chandrasekhar 1943) have shown some success at reproducing the orbital decay of a massive object under a background particle distribution. Several works have studied and verified the orbital decay of massive object under background particles of various density profiles. Notably, Petts et al. (2015) and Petts et al. (2016) have successfully reproduced the slower decay and the core-stalling effect of cored halo profile with the inclusion of tidal stalling and by adopting more a radially varying impact parameters. With detailed treatments of dynamical friction, the timing problem can therefore provide a constraint on the dark matter halo profile and hence allow a glimpse into the nature of dark matter.
Several solutions to the Fornax timing problem have been proposed in the literature. Oh et al. (2000) suggested that the survival of GCs in Fornax can be resolved by invoking massive black holes which scatter the GCs to large radii, or a strong external tidal field from the Milky Way. There is however a lack of evidence for the existence of such black holes in Fornax. More problematic is that the proper motion of Fornax suggests that the dSph had never been closer to the Milky Way than its present location (Lux et al. 2010; Gaia Collaboration et al. 2018) , implying that Fornax had never encountered a sufficient tidal field from the Milky Way to expand its GCs' orbit to their observed locations.
With N -body simulations of the Fornax system, it has been shown that the GCs in Fornax would not reach the galactic center within a Hubble time with a cored profile Read et al. 2006; Cole et al. 2012) . Cole et al. (2012) have also reported a 'dynamical buoyancy' in their N -body simulations of the five GCs in Fornax orbiting in a dark matter halo with a core radius rc of 1000 pc. Such dynamical buoyancy would act as a force that pushes the GCs outwards, acting against the dynamical friction. While Cole et al. (2012) have performed the N -body simulations on four different halo profiles, only the profile with a large core shows noticeable dynamical buoyancy. With such a profile, two out of the five GCs can survive outside of the observed galactocentric distance. Interestingly, Sánchez-Salcedo et al. (2006) have also ruled out MOND using the Fornax timing problem, as the GCs would fall into the galactic center too quickly (∼1 Gyr) under MOND. Conversely, Hui et al. (2017) show that dynamical friction would be largely reduced if dark matter is made up of the ψDM superfluid. In addition to the cored density profile of ψDM, the wave nature of ψDM would suppress the over-densities formed behind the infalling GCs, leading to a weaker dynamical friction.
Without a constraint on the starting position of the GC's initial orbit, modelling the orbital decay due to dynamical friction provides an incomplete and unconstrained picture of the GCs history and origin of their present-day location. Previous studies therefore either focus on whether the dynamical friction timescale is larger than the age of the GCs (e.g. Goerdt et al. 2006; Sánchez-Salcedo et al. 2006; Hui et al. 2017) , or reproducing the observed distance by forcing the GCs to be formed at >1000 pc or even at the current tidal radius (∼2000 pc) (e.g. Angus & Diaferio 2009; Cowsik et al. 2009; Arca-Sedda & Capuzzo-Dolcetta 2016) . Given the measured age of the GCs (10-13 Gyrs), it is unclear whether the gas density would have been high enough at those redshifts to support the formation of the GCs at such large galactocentric distance -especially given the more compact size expected for the high-redshift progenitor of Fornax. It is therefore crucial to incorporate gaseous and stellar disk evolution models when estimating the galactocentric distances at which the GCs are formed, when addressing the present day position of the GCs.
For example, Kruijssen (2015) suggested that once formed in a central high (local) gas density environment, the GCs have to be ejected out of their formation environment to avoid disruption due to the strong chaotic tidal field of the gaseous interstellar medium. Such an ejection could be caused by dynamical interactions with gas clumps, stellar feedback or a merger. Past merger events might be expected in dSphs like Fornax as they are found also as a possible pathway for the transformation of gas-poor dSphs from gas-rich dwarf irregulars in cosmological simulations (e.g. Wetzel et al. 2015) .
Specifically to Fornax, past merger events have been suggested in order to account for its complex metallicity distribution function, multiple stellar populations and differential internal dynamics between the populations (e.g. Walker et al. 2009; Amorisco & Evans 2012) . In particular the younger stellar population has a rotation axis offset from the main rotation axis, and this kinematic misalignment could be the result of a merger. The long-standing star formation history (SFH) of Fornax may also be suggesting accretion of gas or stars from other systems (del Pino et al. 2013) . The large total mass of the GCs relative to the mass of metal poor field stars would also be alleviated if one or more of the GCs are accreted via a merger as pointed out by Larsen et al. (2012) .
It is therefore crucial to incorporate possible influences on the positions of the GCs in Fornax due to the past merger event. Depending on the nature of the merger, the orbit of the GCs can undergo either an expansion or a contraction (e.g. Naab et al. 2009 ). For a non-dissipative (dry) merger, the GCs' orbits would gain energy from the merger and expand according to the mass ratio between the host and the merging galaxies.
An additional aspect contributing to the orbital evolution which has been neglected in previous semi-analytic models of the GCs' orbital trajectories in Fornax is the aforementioned dynamical buoyancy as reported in Cole et al. (2012) . The dynamical buoyancy effect is particularly crucial if the formation location of the GC was at a galactocentric distance less than the current day location. Clearly a holistic approach which takes into account, dynamical buoyancy/friction, along with physical constraints on the formation position and merger history of Fornax is necessary to provide a better understanding of the evolution of this unique galaxy. This would require an exploration of a wide range of halo profiles and merger mass ratios, which can be too computationally expensive to be done with N -body simulations.
The goal of this work is to build the first semi-analytical model that includes the aforementioned ingredients: (1) a physically-motivated formation location of the GCs, (2) the effect of dynamical buoyancy and (3) a past merger, and then infer the underlying dark matter halo profile of Fornax by requiring the modelled current galactocentric distances of the five GCs to be outside of their observed projected distance (dp; see Table 1 ). In the following sections, we first present the ingredients of our semi-analytical model in Section 2. This includes the estimation of the formation location of the GCs, the density profiles of background dark matter and stellar particles, the dynamical friction treatment with dynamical buoyancy implementation, and orbital expansions caused by mergers. We then present the result in Section 3, which is followed by a discussion on how the dark matter halo parameters we obtained compare with respect to ΛCDM cosmological simulations and whether the required merger mass ratio in our model is consistent with the observed metallicity distribution function in Section 4. We summarise our key findings and conclude in Section 5.
SEMI-ANALYTIC MODEL
In the following section we will describe the ingredients that go into building our semi-analytic model of the co-evolution of Fornax and its GCs. The model is unique in that it provides physically motivated expressions for the GC formation distance, an updated dynamical friction/buoyancy prescription and the effect of a dwarf-dwarf merger on the orbits of the GCs. A schematic representation of all the ingredients of our model can be found in Figure 1 . We should emphasise here that while our model calculates three-dimensional final galactocentric distances (d final ) of the GCs, the lack of precise measurements of the line-of-sight distances of the GCs means that we are not able to project the three-dimensional d final to fit directly to the observed dp. Instead, we conservatively require d final > dp in providing a lower-bound to the DM core size and the merger mass-ratio.
Constructing the host galaxy Fornax
We represent Fornax with two components: a dark matter halo and a spherical stellar distribution. The dark matter halo is parametrised by a 'cored NFW' profile (cNFW), which was found to be a good description of simulated dark matter haloes on dwarf galaxies which were altered by baryonic feedback mechanisms :
where ρ0 is the characteristic density, rs is the scale radius, rc is the core radius, ρ and M represent the density and enclosed mass profile of the respective halo, f n renders the profile at r < rc to be shallower than an NFW profile and can be written as:
and n is a parametrisation of how 'cored' a profile is with n = 0 representing an NFW profile and n = 1 representing a completely cored profile. In this work we test the limiting case of n = 1 for all dark matter profiles. The surface brightness profile of the stellar component, Σ (R), is described using a Sersic profile as fitted by Battaglia et al. (2006) :
where R is the 2D-projected radius, Rs = 694.5 pc, m = 0.71, and Σ0, is obtained through a normalisation to the total stellar mass in Fornax of 4.3×10 7 M (de Boer et al. 2012). The surface brightness profile is then deprojected to a density profile ρ (r) using Eq. 17-19 of Lima Neto et al. (1999) . The density profile of the stellar component takes the following form throughout this paper: Figure 1 . Schematic diagram of our semi-analytical model. We first constrain the formation location of the GCs (d form ) using a pressure equilibrium argument. The GCs' orbits then undergo dynamical friction, calculated for each of the specified dark matter halo profiles, throughout their lifetime (i.e. ages). In between, a merger with a companion of a specified mass ratio is incorporated which causes orbit expansions to the GCs. The modelled present-day positions of the GCs (d final ) are then compared to the observed projected distance (dp) to constrain the dark matter halo profile.
with ρ0, = 0.015 M pc −3 and p = 0.25 1 . The stellar density and enclosed mass profiles are plotted in the middle and bottom panel of Figure 2 respectively.
While the density distribution of the stellar component is fixed in our semi-analytic model, the rs and rc of the dark matter halo remain as free parameters. For each (rs, rc), the corresponding ρ0 is obtained through a normalisation to the observed stellar velocity dispersion σ (R) from Battaglia et al. (2006) . The σ (R) for each halo profile is estimated with the Jeans equation under the spherical and isotropic assumption:
where σ(r) and ρ(r) in this case is the intrinsic velocity dispersion and density profile of the tracer particle, i.e. σ (r) and ρ (r) and Φ is the corresponding gravitational potential computed from the density distribution of the background particles (dark matter and/or stars). The binned stellar velocity dispersion for each of the total potentials is shown in Figure 2 . As examples we over-plotted the σ (R) (obtained through the 2D-projection of σ (r)) 2 of six different profiles in Figure 2 . We summarise our steps in normalising the dark matter halo profiles in Figure 3 . This is not an attempt to get a 'best-fit' dark matter profile from the observed σ (R) profile, but rather, to illustrate the degeneracies between various profiles when using just the observed σ (R) as a constraint and to show that the normalisation of our dark matter halo profiles are reasonable. Figure 2 . Top: the observed stellar velocity dispersion radial profile of Fornax (Battaglia et al. 2006 ) is plotted in black diamonds with error bars. Overlaid in grey are all the dark matter profiles we tested in our (rs, rc) grid. We show in colour six examples of the σ profiles from our normalised dark matter profiles. Middle and bottom: the corresponding density and enclosed mass profiles.
Constraining the formation location of the Globular Clusters
While the detailed formation physics of dense star clusters is currently debated, there are simple analytic estimates for the necessary environment of the gaseous regions which they are expected to form from. In particular, Elmegreen & Efremov (1997) suggested that the star clusters kinematic density may form in pressure equilibrium with the mid-plane pressure of the surrounding molecular gas phase. To constrain the starting location of the GCs, we consider a pressure equilibrium scenario at their formation. In such scenario, the external pressure of the galactic disk (Pext) should be equal to the internal pressure of the GC (Pin) itself. Pin can be written as: (2016). The projected distances (dp) of GC1, 2, 3 and 5 are determined with the central position of the five GCs determined by Mackey & Gilmore (2003) . The radii of the GCs (R GC ) listed here are the fitted core radii of a King model from Mackey & Gilmore (2003) .
where G is the gravitational constant, ΣGC, MGC and RGC are the surface density, mass and half-mass radius of the GC respectively. MGC and RGC are listed in Table 1 . Pext is related to the gas surface density (Σgas), stellar surface density (Σ ) and the ratio between the velocity dispersion of gas and star (fσ = σgas/σ ) by:
Σgas(Σgas + fσΣ ).
To obtain the gas and stellar surface density at the formation epoch of the GCs, we utilise the star formation history (SFH) of Fornax dSph. We obtained the SFH from de Boer et al. (2012) . We then assume that the star formation rate (SFR) has an exponential profile with radius at any time epoch and create SFR profiles ΣSFR(R) for t = tGC, where tGC is the age of the globular cluster. From ΣSFR(R) we can obtain the gas surface density of the disk Σ gas,disk (R) by adopting a depletion timescale τ dep such that Σ gas,disk (R) = τ dep ΣSFR(R). We adopt the cosmological model from Dutton & van den Bosch (2009) to allow the scale radius of the exponential profile of the gaseous disk to grow with time. To account for the fact that GCs often form in overdense regions of giant molecular clouds, the final Σgas we adopt for Equation 7 is (Kruijssen 2015; Krumholz & McKee 2005) :
The stellar surface density profile Σ (R) is then obtained by integrating the SFH from t = 13.6 Gyr to t = tGC.
To provide physical constraints to the formation location of the GCs, we then adopt a range of possible τ dep , fσ and RGC. With 0.3 Gyr < τ dep < 3 Gyr, 0.2 < fσ < 1.0 and 2 pc < RGC < 10 pc (Leaman et al. 2017) , we calculated the range of possible MGC formed at different galactic radii at different time epoch. The results are shown in Figure 4 , with the red and blue region indicating the possible MGC at different radii for the old GCs (GC1, GC2, GC3, GC5) and young GC4 respectively. We then consider the maximum possible formation location for each GCs, given their observed MGC, as the most optimistic formation distance (d form ) from which to evolve the orbit of the GC. We derive d form 1144, 863, 740, 1344 and 866 pc respectively for GC1, GC2, GC3, GC4 and GC5.
GC Orbital Evolution

Dynamical friction implementation
In the seminal paper on dynamical friction by Chandrasekhar (1943) , the dynamical effect of an infalling object of mass Ms and velocity vs through a halo of background particles moving with velocities v• is described analytically as:
where ρ• is the density of the background particles (dark matter and/or stars), vesc is the escape velocity, f (v•) is the velocity distribution function of the background particles and V is the relative velocity between the background particle and the satellite. Due to different directions of encounter, for each v•, V ranges from |vs − v•| to vs + v•. J(V ) sistent within the uncertainties. We chose the older value from Mackey & Gilmore (2003) for easier comparison with other works on the dynamical friction of GCs in Fornax. In particular, we would like to reproduce the effect of dynamical buoyancy, and compare the resultant stalling radii with that of Cole et al. (2012) using the GC mass measurements from Mackey & Gilmore (2003) . . Hydrodynamic constraints on the formation location of the GCs in Fornax. The red and blue shaded regions show the allowed mass range of a GC to be formed at each galactic distance, at epochs representative of the formation of the 12 ± 1 Gyr (red) and 10 ± 1 Gyr GCs (blue). The region within the red and blue dotted lines represent the uncertainties given by the SFH and outside of them the added uncertainties from the GCs' ages.
The mass of each GC and the maximum galactic distance at which each GCs can be formed are marked with red and blue dots for the co-eval and younger GCs respectively.
is an integral characterising the effect that a background particle can exert on the satellite given the different relative velocities and can be written as:
where bmax is the maximum impact parameter. Equations 9 and 10 can be found as Equations 25 and 26 in Chandrasekhar (1943) . By assuming that the effect of fast-moving background particles (with v• > vs) is negligible, Equations 9 and 10 are often simplified as (e.g. Binney & Tremaine 1987) :
where ln(Λ) is the Coulomb logarithm, which is given by the ratio between the maximum (bmax) and minimum (bmin) impact parameters as ln(Λ) = ln(bmax/bmin) and f (v• < vs) is the fraction of background particle that has a velocity slower the vs. When taking a simple assumption of the Maxwellian velocity distribution function (e.g. Angus & Diaferio 2009; Petts et al. 2015) , the fraction f (v• < vs) can be expressed as:
with σ•, the velocity dispersion of the background particles, being estimated by Equation 5. While such assumptions are generally sufficient for a cuspy dark matter profile, Petts et al. (2016) have recently pointed out that this is not true for cored dark matter haloes.
To show the effects of fast-moving background particles in different halo profiles, we calculated a df for GC3 with MGC = 3.63 × 10 5 M for a cuspy and a cored dark matter profile. For demonstration purpose, we adopt here the NFW profile as obtained by Amorisco & Evans (2011) with phasespace modelling, with rs = 1090 pc and compare the derived a df with a cNFW profile of the same rs and rc = 1304 pc, which is equal to 1.75 times the stellar half-mass radius as suggested by Read et al. (2006) . The mass of the cNFW profile is normalised to the mass of the NFW profile at r = rc. These two test profiles are labelled as 'nfw0' and 'cored0' from hereon. We note here that there is a wide range of halo profiles derived for Fornax using various dynamical modelling technique, the nfw0 and cored0 profiles are merely adopted here for demonstrating the different effects of our dynamical friction treatment on cuspy and cored profiles.
The a df are then derived for both profiles under the Maxwellian assumption and plotted with respect to the galactic radii in dashed lines on the left panels in Figure  5 . a df calculated with only the effects of slow background particles (SS) are plotted in blue and that calculated with effects from both fast and slow background particles (FS) are plotted in red. In both profiles, a df is negative at large r, representing a dynamical friction. Where a df = 0, we shall expect the in-spiral of the GCs due to dynamical friction to stall. Towards the inner region, a df becomes positive for both haloes, albeit at very different different radii. The positive a df means that when starting at these radii, the satellite will be pushed outward to where a df = 0. The corresponding orbital decay calculated through orbital integration for GC3 starting with a circular orbit on the right panels. The orbit decays stalled at where a df = 0 as expected.
We therefore see here, that the dynamical buoyancy as found by Cole et al. (2012) in a Fornax-like system, can be reproduced analytically by including fast-moving background particles. While it appears at first as an exotic dynamical phenomena, it is more understandable when considering dynamical friction as a manifestation of energy equipartition, where fast-moving background particles are able to transfer kinetic energies to the infalling object. Dynamical buoyancy has a much more prominent effect in the cored0 halo, as also found by Cole et al. (2012) . In contrast to the cored0 profile, in which dynamical buoyancy exists up to r ∼ 500 pc, the dynamical buoyancy occurs at a much smaller radius of r ∼ 200 pc in the NFW profile. This is because of the higher fraction of fast-moving particles in the inner region of the cored0 profile. Readers interested in the derived velocity distribution function of both profiles, as well as a comparison of the analytical stalling position due to dynamical buoyancy against the results of Cole et al. (2012) , can refer to Appendix A.
In addition to the stalling effects produced by the fast stars, we also include tidal stalling as shown in N -body simulations by Inoue (2011) and described analytically by Petts et al. (2016) . When the GC approaches the galactocentric distance dg = rt (where rt is the tidal radius of the satellite itself) the satellite will become unaffected by dynamical friction and stall. This is implemented by setting a df = 0 when dg = rt. While tidal stalling is not important for the FS cases as dg = rt happens within the stalling radii defined by dynamical buoyancy, it is the primary stalling mechanism for the SS cases. As pointed out by Petts et al. (2016) , tidal stalling is more prominent in a cored dark matter halo than a cuspy one. The same effect is seen in our models; GC3 in the SS model in the cored0 profile stalls at ∼200 pc in the cored0 halo but <50 pc in the nfw0 halo. Maxwellian assumptions (MAX) respectively. Right: the orbital decay of GC3 under the same four dynamical friction prescriptions. The green lines mark the observed galactic distance dp of GC3, a lower limit of the galactocentric distance of GC3. Top and bottom row show the corresponding figures for the nfw0 and the cored0 profile. Petts et al. (2016) showed that such an assumption can lead to an error in f (v• < vs) by up to ∼80% depending on the halo profile. To have a more accurate handle on the velocity distribution function of various dark matter halo profiles at different radii, we therefore compute the distribution function self-consistently for an arbitrary potential by using the Eddington equation (Binney & Tremaine 1987) :
where E is the relative energy, E = Φ − mv 2 /2. We show a df calculated for GC3 in the nfw0 and cored0 profiles with the the Eddington velocity distribution function in solid lines.
Again, the blue curve shows the results obtained for the SS case and the red curve shows the results obtained for FS case. Notice here that adopting a Maxwellian assumption will lead to an overestimation of the stalling radius by a factor of 2 in the NFW halo. For the rest of the paper, we shall adopt the improved dynamical friction treatment using velocity distribution function calculated from the Eddington equation and taking into account the effects from fast stars (i.e. case EDD+FS).
Orbit integration
Starting at a galactocentric distance in Fornax determined as described in Section 2.2, we then integrate the orbit of each GC, subjecting to dynamical friction/buoyancy as described in Section 2.3.1, as well as the gravitational acceleration given by the underlying potential of Fornax. The orbit integration continues for the respective ages of each of the GCs. The positions, velocities and accelerations are updated at every time step of 1 kyr, with a precision of 0.01 pc and 0.01 km s −1 . We assume circular orbits for the GCs to study the most conservative case as GCs on more eccentric orbits would simply be subjected to a severer dynamical friction. The numerical integrations are done with the Python module odeint from scipy.
A past merger event
The complex stellar morphology, metallicity and age distribution of Fornax suggests the galaxy might have experienced a significant merger event. A dry merger can significantly expand the final system size, given that the dominant stellar and dark matter components are non-dissipative. This could cause the GC (and stellar and DM) orbits to expand. In other words, a non-dissipative merger would have allowed the GCs to acquire a larger present-day galactic distance than the pressure equilibrium criteria allow for. To estimate this effect, we adopt the analytic expansion derived in Naab et al. (2009) :
where ri and r f are the position of the GCs before and after the merger, η and are determined by the merger ratio with:
where Macc, v 2 acc , M host and v 2 host are the mass and velocity dispersion of the accreted and host galaxies. We have assumed the Faber-Jackson relation of M ∝ σ 4 (Faber & Jackson 1976 ) when calculating v 2 acc and v 2 host . 5 Given the younger age and significantly higher metallicity of GC4 (de Boer & Fraser 2016), we consider the case in which a dry merger happened 10 Gyrs ago which triggered the formation of GC4 from small amounts of residual gas in the total system 6 . GC1, GC2, GC3 and GC5 will hence experience an orbital expansion due to the merger while GC4 will not. We demonstrate how our simple analytic expansion from Equation 15 would affect the final GCs positions in Figure 6 and 7 for the nfw0 and cored0 profiles respectively. We tested four different scenarios: no merger (solid lines), an 1:10 merger (dotted lines), an 1:5 merger (dashed lines) and an 1:2 merger (dash-dotted lines). GC1, GC2, GC3 and GC5 would hence for the first 2 Gyrs orbit through a dark matter halo with a viral mass 1 − η times the current day virial mass, the rs and rc of the dark matter profile before the merger also scale as Equation 15. As shown in Figure  6 and 7, the expansion experienced by the GCs increases as the mass ratio between the host and accreted galaxy decreases. By comparing the modelled present location of the GCs with the observed projected presented-day position dp (horizontal dashed line), the nfw0 profile can be ruled out because both GC3 and GC5 end up inside their respective dps even with an 1:2 merger. As for the cored0 profile, GC3 can survive out of its dp but GC5 still fails to do so even with an 1:2 merger.
RESULTS
In this section we will show the results of the orbital evolution for the GCs in Fornax. We run our semi-analytic model on a grid of dark matter halo profiles with rs and rc each drawn from 1000−6000 pc in steps of 1000 pc. For each halo profile we include a 'no merger' case and three merger cases with merger mass ratios of 1:10, 1:5 and 1:2. We then compare the modelled present day galactic distance of each GCs with the observed dp.
The results are presented in Figure 8 . The size of the squares represents the merger ratio. The colour coding represents the difference between the final model galactocentric distance and the current projected distance, dp for each GCs. Blue implies that the modelled distance is outside of the observed dp, meaning that the dark matter halo with parameters (rs, rc) is plausible given the corresponding merger with mass ratio η had happened.
The observed galactocentric distance of both GC3 and GC4 can be well reproduced with any of the dark matter 5 It has been suggested that the index of the Faber-Jackson relation α in low-mass galaxies can be as low as ∼2 (e.g. Kourkchi et al. 2012 ). The differences in r f /r i between α = 4 and α = 2 can be written as (1 + η 1.5 )/(1 + η 2 ). Within our tested range of 0.0 < η < 0.5, it amounts to an 8% change in the final to initial position ratio. 6 Naively assuming a star formation efficiency per free-fall time for a molecular cloud of f f = 0.03, this would require Mgas 5 × 10 6 M in Fornax at the time. This is reasonable given that Fornax continued to form another 5 × 10 6 M of field stars at a low level for another ∼9 Gyrs after this and so clearly retained some gas. Figure 6 . Orbital evolution of GCs in the nfw0 halo with various merger histories. The green lines mark the observed present day distance dp of each GC, a lower limit of the their galactocentric distances.Under this profile, only GC4 can survive outside of its observed distance without a merger, GC1 would need an 1:5 merger and GC2 an 1:2 merger. Both GC3 and GC5 would need a merger with an even more substantial mass ratio than 1:2 to exist outside of its dp under this profile. Figure 7 . Same as Figure 6 , but for the cored0 halo profile. Under this profile, both GC3 and GC4 can survive outside of its observed distance without a merger. As with the NFW profile, GC1 would need an 1:5 merger and GC2 an 1:2 merger. GC5 would however still need a merger with a mass ratio smaller than 1:2 to exist outside of its dp under this profile.
halo profile, without the need for any merger. The addition of a past merger event does not significantly change the required (rs, rc) for GC3. This is because of the large mass of GC3, which implies that the dynamical friction timescale is relatively short compared to the other GCs. Therefore, GC3 reaches its stalling radius within a Hubble time regardless of the merger. This is also reflected in Figure 7 , which shows that the final position of GC3 under different merger ratios all converge to the stalling radius of the cored0 profile. It is different for GC1, GC2 and GC5 because their masses are a half to an order of magnitude smaller than GC3, allowing them to have a much longer dynamical timescale. The orbital expansion given by the merger event therefore has more importance on these final GC positions.
Given a merger with mass ratio 1:2, the observed dp of GC1 can also be reproduced with any of the dark matter profiles. Without that, none of the tested profile can reproduce the observed dp for GC1. The minimum (rs, rc) required for GC2 is (5000, 3000) pc in the 'no merger' case, (3000, 2000) pc with an 1:10 or an 1:5 merger and (3000, 1000) pc for a 1:2 merger. Finally, the observed dp of GC5 can only be reproduced with a merger of mass ratio 1:2 at (rs, rc) > (6000, 4000) pc. The minimum rs and rc as re-quired by each GC is plotted in Figure 9 , with the case for a 1:1 merger marked as an additional reference in this plot.
While these results are run with only the dark matter halo contributing to the potential, the stellar contribution within the tidal radius of Fornax is expected to be nonnegligible. Therefore we repeat the exercise and include the stellar component as described in Section 2.1. The dark matter haloes of each (rs, rc) are renormalised with the inclusion of the stellar component using the observed σ (R) as described also in Section 2.1. We show in Figure 10 the normalisation of σ (R) with the inclusion of a stellar component, and the corresponding density and enclosed mass profiles of our (rs, rc) grid. The resultant differences between the final model galactocentric distances and dps are shown in Figure 11 . In general, either a larger (rs, rc) or a smaller mass ratio in the merger is required due to the fact that the stellar component tends to steepen the overall density profile. This is true in particular for GC2, GC3 and GC5, where the profile shape has a noticeable effect on the final location of the GC. GC4 is still permitted under all halo profiles, due to its small present-day galactocentric distance. As for GC1, the small GC mass leads to a long dynamical friction timescale, which means that the merger ratio has a more prominent effect on the final GC location than the underlying density profile. As in the case of DM only, GC1 requires a merger ratio of 1:2 to allow the final location of the GC to be outside of the present-day observed distance dp. GC2 requires at least an 1:2 merger, with which a (rs, rc) of (2000, 2000) pc is sufficient for the GC to end up outside of dp. GC3 requires a minimum merger mass ratio of 1:10 at (rs, rc) of (3000, 2000) pc, a mass ratio of 1:2 allows a (rs, rc) of as small as (2000, 1000) pc. GC5 now becomes problematic under all halo profiles and they are not permitted to exist outside of dp with any merger with mass ratios larger than 1:2.
DISCUSSION
With constraints from the dp of the GCs in Fornax, our semi-analytic orbital evolution model suggests that there is a dark matter core of size no smaller than 1000 pc in Fornax, and that the galaxy has experienced a past merger of mass ratio more substantial than 1:5. In this section, we first present a self-consistent picture for the co-evolution of Fornax and its GCs in Section 4.1. We then provide additional evidences from the chemistry of Fornax to support the merger scenario in Section B and our proposed origins of the GCs in Section 4.2. Section 4.3 concerns with evidences of dwarf-dwarf mergers both from cosmological simulations and observed interactions between dwarfs. In Section 4.4 we compare our derived dark matter halo profile with cosmological simulation results and discuss the implications of the apparent large dark matter core on the nature of dark matter. We close this section by presenting some caveats of this work.
A self-consistent picture for the co-evolution of Fornax and its GCs
GC5 stands out as the only GC that would require a (rs, rc) larger than our explored range of value. The younger age and higher metallicity of GC5 when compared with GC1, GC2 and GC3 also might be hinting at a different origin of this GC (Section B). We propose the following scenario for the co-evolution of Fornax and its GCs: (1) GC1, GC2 and GC3 were formed in a proto-Fornax at ∼12 Gyrs ago, (2) GC5 was formed ∼11 Gyrs ago in the lower mass dwarf galaxy that will go on to merge with the proto-Fornax, and (3) the merger which happened ∼10 Gyrs ago triggered the formation of GC4, and at the same time deposits GC5, and scatters GC1,2,3 to larger orbits conducive to their survival. The existence of a sixth GC has recently been rediscussed by Wang et al. (2019) , where they show with deep DECam imaging data that a past association of stars is likely to be a star cluster with stellar mass of M * ∼ 10 4 M . This object has a projected distance of dp of 270 pc and its metallicity is inferred through photometry to be similar to GC4 ([Fe/H]∼ −1.4). Notably, its low mass but small projected distance is at odds with naive expectations for dynamical friction (especially relative to the higher mass, but further out GCs). While further work on the orbit and ages of this GC will be necessary to fully understand its role in the evolution of Fornax, we note that its central position and relatively high metallicity (compared to other GCs) can be nat-urally explained with our merger scenario: just like GC4, GC6 would be a product of triggered star formation due to compression of gas in the dwarf-dwarf merger approximately 10 Gyrs ago and reside close to the center of Fornax after that event.
The stellar mass in GCs and field stars in the context of a past merger
In addition to a surprisingly large number of GCs, Fornax notably shows a very high fraction of mass in star clusters relative to low metallicity field stars (Larsen et al. 2012 ). This provides strong constraints on the amount of mass loss and initial mass of GCs, which is of extreme importance for theoretical explanations of the multiple population phenomena in GCs (c.f., Bastian 2017) . The top panel of Figure 14 shows the cumulative mass in Fornax's five GCs relative to its field stars as a function of cumulative metallicity (MGC/M ,gal <[Fe/H]). Here we have used the observed SFH of Fornax (corrected for spatial completeness) and the observed mean Age-Metallicity relation (AMR) of the field stars (Battaglia et al. 2006; Leaman et al. 2013) to compute M as function of [Fe/H]. We plot this versus the age of the stellar populations (from the field star AMR) and the age of the GCs from isochrone fitting (de Boer & Fraser 2016). Larsen et al. (2012) computed the mass fraction based in GCs relative to field stars by analysing the MDF of the field stars directly and making corrections for sample selection and stellar evolution effects. Here we find comparable qualitative results when using the stellar mass growth for the galaxy itself derived from the SFH of Fornax and the spectroscopic AMR.
The magenta line shows the values for a galaxy with the observed SFH and chemical enrichment which formed a single GC of MGC = 2 × 10 5 at any point in time. The offset blue lines show what values would be expected if you formed the same mass GC in a dwarf galaxy that was some stellar mass ratio 1 : 10 η * 1 : 1 less than Fornax. This is computed by simply shifting the AMR by an amount based on the observed Local Group mass metallicity relation (e.g. Kirby et al. 2013 ). This toy exercise suggests that a dwarf with stellar mass ∼ 1/3 of that of Fornax and a single GC would have values similar to where GC5 sits on this diagram.
Another way to compare the GC and field stellar population is by looking at their AMRs. In the middle panel of Figure 12 we show the observed AMR of the Fornax RGB stars as the orange band. The observed AMR closely follows a leaky box analytic chemical evolution model, and similar to the top panel, we show in blue the implied AMR for dwarf galaxies of smaller total stellar masses using the same shifted empirical mass-metallicity relations. As above, the corresponding observed ages and metallicities for the GCs are plotted in grey dots. Once again GC5 is an outlier with respect to the field stars' AMR, and corresponds more closely to the chemistry of a dwarf galaxy of mass ∼1/3 of Fornax.
The bottom panel shows a summary of the implied mass ratios which are more chemically consistent with GC5. Merger ratios of 1:2, 1:3 and 1:5 are marked by magenta dashed lines. The analysis here suggests that not only would a merger of mass ratio 1:2 to 1:5 allow GC5 to survive outside of it observed projected distance, but that it also is Figure 8 . Summary of orbit integration for the grid of DM halos and merger mass ratios. Each plot is for a different GC and shows the grid of DM halo scale radii rs and core radii rc for that trial. For each (rs, rc) pair, we have run the dynamical friction model under the assumption that Fornax has experienced no merger (filled squares), a 1:10 merger, a 1:5 merger, and a 1:2 merger, with the merger mass ratio indicated by the size of the square. In each trial, the final position oof the GC relative to its observed present day is indicated by the colour of the box. The models marked with blue means that the GC is found to survive outside the dp (as marked by tick on the colour bar) and hence suggesting the particular parameters (rs, rc, η) represent a plausible dark matter profile and merger history for Fornax. The halo parameters which follow an M vir -concentration relation inferred from cosmological simulations (Dutton & Macciò 2014) are shown in the background marked with black contours, the dashed contours mark the 5-σ values. consistent with the mass and stellar populations in GC5 and those of the field stars in Fornax.
In the scenario we present (GC 5 accreted, GC 4 formed from in-situ gas later), the mass of GCs 1,2,3 are still more than 10% of the metal poor population of Fornax. This scenario then does not fully alleviate the high GC-field star mass ratio found by Larsen et al. (2012) . In addition, in our merger scenario the lower mass satellite which merged with Fornax was more metal poor (See Appendix B) and so should contribute ex-situ field stars to the lowest metallici-ties. This would increase the mass of GCs 1,2 and 3 relative to the Fornax field population. For our two toy-examples of mergers in Figures B1 and B2 , the mass ratio between GCs 1,2, and 3 and the in-situ low metallicity of the proto-Fornax which hosted them, would still be over 20% -consistent with the findings and constraints on GC mass loss identified by Larsen et al. (2012) .
Additional evidence of dwarf-dwarf mergers
It has been shown in cosmological zoom-in simulations that group processing such as mergers of gas-rich dwarf irregulars (dIrrs) is a possible formation pathway for gas-poor dSphs like Fornax (e.g. Wetzel et al. 2015) . With cosmological simulations, Benítez-Llambay et al. (2016) show that such a process may explain the overall metallicity gradients found in some dSphs that are caused by the different spatial distribution of the multiple stellar populations; where young and concentrated metal-rich components are surrounded by older and metal-poorer stars, as seen in for example Sextans (Tolstoy et al. 2004; Battaglia et al. 2011 ), Sculptor (Battaglia et al. 2008 , as well as Fornax (Battaglia et al. 2006 ). In the merging process, the older and more metal-poor stars can be dispersed, leading to a larger spatial distribution and lower central density, as compared with the younger metal-rich population formed after the merger. Hence, in some cases dwarf-dwarf mergers may be a channel to produce stellar population gradients in low mass galaxies.
Observational evidence of dwarf-dwarf mergers is also becoming increasingly common. The TiNy Titans Survey (TNT) found evidence of interactions between isolated pairs of dwarf galaxies, such as disturbed optical and HI morphologies, as well as images of dwarf pairs on the verge of merging (Stierwalt et al. 2015) . The Magellanic Clouds have been shown to host a rich satellite system in recent surveys, such as the Dark Energy Survey (DES; Bechtol et al. 2015; Koposov et al. 2015) and the Survey of the MAgellanic Stellar History (SMASH; Martin et al. 2015) . These works suggest that dwarf galaxies can have satellites of their own that may later be assimilated. Amorisco et al. (2014) kinematically detected a stellar stream in the dSph Andromeda II (And II) of which the progenitor is possibly a dwarf galaxy with similar mass as And II, indicating a past major merger. Differential rotation between the metal-rich and metal-poor stars in the dSph Sculptor is also possibly a result of a past merger (Zhu et al. 2016) . Cicuéndez & Battaglia (2018) also found merger evidences in the dSph Sextans, where a ring-like stellar feature shows higher-than-average line-ofsight velocities and lower-than-average metallicities, while Kacharov et al. (2017) found evidence of prolate rotation in the Phoenix dSph.
Specifically to Fornax, Amorisco & Evans (2012) (AE12 hereafter) suggest signatures of three stellar populations from its complex MDF, and show that there is a 40 • dif-ference in the rotation axes between the metal-poor (MP) and the intermediate-metallicity (IM) populations which imply counter-rotation. The authors have attributed such complexities to a merger of a bound pair, with the companion, represented by the MP population, comprising a fraction of 0.31 ± 0.06 of the spectroscopic sample of stars. Given the uncertainties on the complete spectroscopic selection function for Fornax, to compare to our work we bound the possible mass fraction of this population by: 1) multiplying this fraction directly with the total stellar mass of Fornax (likely an upper limit), or by 2) following AE12 and multiplying the observed luminosity of the RGBs in the MP population by 6 7 and then applying a mass-to-light ratio M /L of 2 (McConnachie 2012). This analysis yields a stellar mass of 3 × 10 6 − 1.5 × 10 7 M for the MP population, which could comprise the lower mass merging fragment. Given the observed age-metallicity relation for Fornax, the pre-merger proto-Fornax is plausibly represented by the IM population, which comprises a fraction of 0.56 ± 0.05 of the spectroscopic sample. A similar computation for this population results in a proto-Fornax stellar mass 1×10 7 −2.5×10 7 M . As a qualitative example, Sculptor and WLM, with stellar masses of 7 × 10 6 M (Bermejo-Climent et al. 2018) and 0.9−1.8×10 7 M (Leaman et al. 2017 ) respectively at z ∼ 2, fall right into the ranges suggested by the chemodynamical analysis of AE12. Their combined metallicity distribution function can also reproduce the shape of that of Fornax (see Appendix B) and therefore could be considered as potential analogues to the companion and proto-Fornax respectively. With a dynamical mass ratio of ∼1:3 at z ∼ 2 (Leaman et al. 2017; Bermejo-Climent et al. 2018 , and the references therein), the merger mass ratio of 1:2 to 1:5 inferred from our dynamical friction analysis is therefore consistent with the results from AE12. Given that Battaglia et al. (2006) can associate most of the more metal poor component with an old age of >10 Gyrs, it is therefore plausible that the merger fragment stopped forming stars at ∼10 Gyrs ago, indicating an early merger around that time for Fornax. While there is additional evidence for shell-like substructures in the central region of Fornax (Coleman et al. 2005) , the young ages and high metallicities of these features and their significant pre-enrichment (Coleman & de Jong 2008) , as pointed out by Amorisco & Evans (2012) , suggest that the features are formed from self-enriched gas of Fornax itself at late times, rather than due to an accretion event. Furthermore, they suggested that it is unlikely to have two sub-haloes colliding with one another in the Milky Way halo at such a late time when the collision energetics is considered.
Implication for the nature of dark matter from the derived halo profile
The conditions for GC survival in Fornax require a particular form of the dark matter halo. Here we briefly discuss how this may place constraints on the self-interacting nature of dark matter. To provide a comparison of the required (rs, rc) with respect to dark matter halo parame- In the top and middle panel, the blue band represents the change in the plotted quantities for a dwarf of mass ratio η, ranging from 0 (light blue) to 1 (dark blue), which had a single GC. Bottom:
The offset location of GC 5 in the top and middle panels suggests a required mass ratio close to the one derived from our dynamical model. The contours are in fractions of [0.1, 0.5, 0.7, 0.9,0.95,0.99] of the maximum likelihood.
ters in ΛCDM cosmological simulations, we show the massconcentration (M −c) relation as seen in such simulations as a black contour in Figure 8 and 11. We adopt here the M −c relation from Dutton & Macciò (2014) . The concentration of our dark matter haloes are calculated as c = r200/r−2, where r−2 is the radius at which the logarithmic slope of the density profile equals -2. With a merger mass ratio of 1:2, GC1, GC2, GC3 and GC4 can all survive outside their respective dp with a dark matter profile that lies on the M − c relation, of (rs, rc)∼ (2000, 2000) pc. We next check whether the required core size is compatible with dark matter cores created by baryonic feedback processes, such as those seen in ΛCDM hydrodynamical simulations of dwarf galaxies. As Read et al. (2016) have shown, the dark matter core size in their simulations is approximately 1.75 times of the half-light radius. In the case of Fornax, that would mean a rc of 1304 pc. To check whether such core size would allow the GCs to survive outside of their dp, we rerun our orbital evolution model on a finer grid of rs, rc in between 1000 pc and 2000 pc, in steps of 100 pc, with the inclusion of a stellar disk. We find that the minimum required (rs, rc) is (1600, 1500) pc in order for all GC1 to GC4 to survive outside of their dp. Such a core size is larger than expected from the coring of the dark matter halo due to baryonic feedback alone in the CDM scenario, given the feedback recipe in Read et al. (2016) . Observationally, Bermejo-Climent et al. (2018) have shown that given the star-formation history of Fornax derived by de Boer et al. (2012) , to produce such a large DM core from stellar feedback alone would imply that 30% of that energy is used in the coring of the DM halo, which is two times the maximum fraction of energy from stellar feedback that can be coupled to the retained gas. 8 However given that the merger required for Fornax may also cause some expansion of the DM profile such DM core size might still be possible in the CDM scenario, and should be tested with simulations.
The halo profile constraints may have implications for non-standard DM particle theories as well. With respect to the ultra-light Bose-Einstein condensate dark matter (ψDM), our result can provide constraints on the dark matter particle mass. With cosmological simulations, Schive et al. (2014b) found that the core size of a ψDM halo (r c,ψDM ) should obey a scaling with the total halo mass Mvir: r c,ψDM = 1.6 kpc Mvir
where m22 is related to the dark matter particle mass m ψDM as:
m22 ≡ m ψDM 10 −22 eV/c 2 .
From the fitting to the observed σ (R), the derived ρc for a dark matter halo of (rs, rc) = (1700, 1500) pc is 0.03 M pc −3 . The Mvir of such a profile is 2.93 × 10 9 M 9 . We have also fitted the derived cNFW density profile with that characterised for ψDM by Schive et al. (2014a) and obtained r c,ψDM ∼ 1006 pc 10 . Using Eq.17, we derive a m22 of ∼ 1.1, which is within the constraint of m22 = 0.26 − 2.5 obtained from large-scale structures (e.g. Bozek et al. 2015; Sarkar et al. 2016) . We note that, however, in the ψDM case, dynamical friction is suppressed by the wave nature of the dark matter particles (Hui et al. 2017 ) and hence our analysis is not directly applicable. With the suppressed dynamical friction, the required rc is likely smaller and hence allows for a larger m22. Our work hence still refines the complementary constraints from large-scale structures on m22.
In the case of self-interacting dark matter (SIDM), the dark matter halo core size is correlated with the scattering cross-section σ as:
where v and mSIDM is the velocity between the DM particles and the mass of the DM particles, tage is the age of the halo, and r1 is the characteristic radius beyond which, the DM particles are scattered less than once per particle on average over tage (Kaplinghat et al. 2016) . The dark matter halo can be described by an NFW profile beyond r1 and hence this characteristic radius would correspond to the core radius rc in the cNFW profiles that we adopted. ρ(rc) of the profile with the minimum required (rs, rc) of (1600, 1500) pc is 0.0095 M pc −3 , corresponding to a σv m SIDM of ∼ 36 (cm 2 /g× km/s). Our derived value for Fornax is comparable to other dwarfs or low-surface brightness galaxies in Kaplinghat et al. (2016) .
Caveats
In attempting to incorporate several evolutionary aspects of Fornax in one model, there will necessarily be caveats and simplifications. We outline these here, and hope this work 9 While the M 200 of our dark matter halo is 3.24 × 10 9 M , here we calculate the virial mass as M vir = (4π/3r 3 vir )∆cρc with ρc being the critical density and ∆c = 350 following Schive et al. (2014b) 10 The ψDM density profile is characterised by an inner soliton that transit abruptly to an outer NFW halo. When fitting our derived DM density profile with that of ψDM, we have fixed the transition radius to be 3 r c,ψDM , a cosmic average found by Schive et al. (2014a) . Our derived r c,ψDM is comparable with their derived value of r c,ψDM = 920 +150 −110 pc, found by using the velocity dispersion from three different stellar population in Fornax.
motivates future studies to produce idealised numerical simulations which can test this scenario. When estimating the d form of the GCs, we assume a well ordered, exponential disk, while the current structure is much more of a thick oblate blob of stars. Although such a structure could have resulted from the past merger event, in the case where the structure of the stellar component was already puffy when the GCs are formed, we would have overestimated the maximum galactocentric distance at which the GCs can be formed. This is because given the same scale radius and mass, a thicker disc would render a lower density at each specific location. A smaller d form would only increase the required (rs, rc) in order for the GCs to survive outside of its present-day dp and hence our derived dark matter parameters would still serve as a lower-bound as intended.
Although the underlying dark matter profile is expected to vary due to cosmological halo growth, within the timescales (after the first Gyr since the beginning of the universe) and radial range (d form < 2000 pc) relevant for the orbital decay of the GCs, the change of dark matter profile under cosmological halo growth has a negligible impact for our orbit calculations when we tested orbit integration in a growing potential.
While we have assumed a dry merger scenario, the Fornax SFH tells us that stars were still being formed beyond our assumed merger time of t ∼ 10 Gyr (del Pino et al. 2013) . While the SFR clearly drops at t ∼ 10 Gyr, around half of the stellar mass of Fornax were still formed afterwards, suggesting that gas must be acquired through some other means (if not through mergers) to form those late-forming stars. A possible source could be infall of enriched gas previously expelled through stellar winds or supernova feedbacks. On the other hand, the merger could also have happened later or multiple mergers could have happened. Our model can be applied to arbitrary merging times and/or number of mergers to explore the possible merger histories, but such exploration is beyond the scope of the current paper, as our model on GC orbital evolution alone would not provide power to distinguish between effects of different merger histories and merger mass ratios. The merger number and merger time therefore has to enter as an assumption or from other lines of evidences. We would like to however point out that our derived merger mass ratio is supported by chemical evidence (Section 4.2). While this certainly does not mean that our proposed scenario is the only possible story, it is a chemodynamically consistent one. Alternatively, the merger could of course also have been semi-wet or wet. In these cases, our modelled dry merger scenario would still act as a lower limit on both the DM core size and the merger mass ratio, as the dry merger scenario provides an upped limit to the possible orbit expansion for a particular merger mass ratio.
Baryonic feedback can additionally cause the coring of the dark matter profile, and lead to the expansion of the GCs' orbit in additional ways. Just like dark matter particles, the GCs gain energy indirectly from stellar feedback ejecting gas in the inner regions of the galaxy and rapidly altering the potential. The repetitive deposition of such energy and subsequent ejection of gas leads to an irreversible non-adiabatic heating of the orbits of the particle in the potential (Pontzen & Governato 2012) . While Pontzen & Governato (2012) provide analytic expressions for how the overall spatial scale of a system of (e.g. dark matter) parti-cles would be altered given an amount of energy, the effect on an individual particle (e.g. a GC) by such deposition of energy is not well understood and hence not included in our model. Secondly, the GCs would move outwards due to the gradual (rather than instantaneous) shallowing of the gravitational potential. The resultant position of GCs in a coring profile would still lie between the final position under an NFW and a cored profile of the same rs and rc, with that from the cored profile giving an upper bound. The exact position would depend on the timescale for core creation. Since we do not possess information on the timescale at which the dark matter halo change from a cuspy to a cored profile, we only consider the completely cored (n = 1) cases to obtain an upper limit of the final GCs positions for each set of dark matter parameters (rs, rc).
Lastly, we have also considered a spherical system where both the geometry of the gravitational potential as well as the velocity anisotropy is isotropic. How axisymmetric or triaxial potentials with anisotropic velocity dispersions would affect our result is beyond the scope of this paper.
CONCLUSIONS
We present an analysis on how the present day location of the five globular clusters in the dwarf spheroidal galaxy Fornax provides constraints on its dark matter halo profile. In particular, we incorporate a careful consideration on the formation location of the GCs based on pressure equilibrium arguments, and allow for orbital expansion due to a past merger. We also consider the effect of dynamical buoyancy by including the effect of fast-moving background particles in our dynamical friction treatment, and adopt a velocity distribution function computed self-consistently from each gravitational potential using the Eddington equation (instead of the commonly adopted assumption of a Maxwellian distribution). With these ingredients we study the orbital decay of Fornax's five GCs in a self-consistent framework with their co-evolution of the dynamics and chemistry of the host galaxy. Our main findings from this joint analysis are as follows:
(i) Our joint analysis shows that survival of three of the GCs (1, 2, 3) in Fornax is possible for halo profiles with minimum scale and core radii of 1700 and 1500 pc respectively -provided that Fornax has had a merger of mass ratio (1:5 η 1:2) in its past. The younger GC4 can survive in any halo profile provided the same merger occurs, we suggest it may have been triggered during the merger (∼10 Gyrs ago).
(ii) GC5 can not survive in a halo unless there is a core radii larger than 6 kpc (3 times the tidal radius). As stellar feedback based mechanisms for core creation can not produce a change outside the tidal radius, we posit that GC5 could have been brought in with the merging galaxy to the Fornax host.
(iii) Consistent with this, we show that GC5 is unique among the five GCs in that it lies off the Fornax field star age-metallicity relation, with a lower metallicity at fixed age, suggestive of being born in a galaxy with 1/3 the mass of Fornax.
(iv) This is also supported by empirical chemical evolution arguments. The MDF of Fornax's fields stars are shown to be consistently reproduced by a weighted super-position of pairs of Local Group dwarfs with the necessary mass ratio.
(v) This merger origin for the evolution and survival of Fornax and its GCs reconciles the large number of GCs within Fornax, and alleviates the problem of Fornax having an extremely high mass in GC stars relative to metal poor field stars, as well as its high specific globular cluster frequency of SN = 29 (van den Bergh 1998).
(vi) We have compared the required dark matter core size with several dark matter models and find that a dark matter core of 1600 pc is larger than that expected from baryonic feedback alone in the CDM paradigm. Even though we did not incorporate the wave nature of ψDM in our dynamical friction model, our derived particle mass of m22 ∼0.7 is still marginally consistent with the lower limit from largescale structure constraints. Lastly, we find a scattering crosssection of σv m SIDM of ∼ 55 (cm 2 /g × km/s) for SIDM, consistent with values obtained for other dwarf and low-surface brightness galaxies in the literature.
A putative merger in the evolution of Fornax may support many of the structural, dynamical and stellar population peculiarities it and its GCs show. A better understanding of the early environment and infall of Fornax within the Local Group will help further understanding of the frequency and impact of low-mass satellite interactions (e.g. Starkenburg et al. 2016) . Our suggested scenario, whereby Fornax and its GC populations were assembled by merging dwarfs (with one GC coming in through the merger, one formed during the merger and three pre-exisiting in the proto-Fornax) can be tested with high resolution idealised simulations, and may provide constraints on how common this mechanism is for dwarfs in a cosmological framework.
APPENDIX A: COMPARING THE DYNAMICAL BUOYANCY EFFECT FROM SEMI-ANALYTICAL MODEL TO SIMULATIONS
Dynamical buoyancy was first demonstrated in N -body simulations done by Cole et al. (2012) . Cole et al. (2012) has run N -body simulations on the orbital decay of the five GCs in Fornax dSph under four different dark matter halo profiles which are labelled as strong-cusp (SC), intermediatecusp (IC), weak-cusp (WC) and large-core (LC), and are progressively less cuspy in the order listed here. The details of these four profiles can be found in Cole et al. (2012) . The different colours in the middle panels represent the velocity distribution functions evaluated at radii of, red: 200 pc, orange: 400 pc, green: 600 pc, blue: 800 pc, and purple: 1000 pc.The velocity distribution function estimated with a Maxwellian assumption is increasingly erroneous towards the small galactic radii. In general, the Maxwellian assumption underestimates the fraction of slow background particles (f (v < vs)), as shown on the rightmost column.
Here we compare the stalling position of the GCs in the two extreme cases: SC and LC profiles, obtained from our analytical dynamical friction implementation with the ones obtained from N -body simulations by Cole et al. (2012) . Figure A1 shows the velocity distribution function f (v•) of the dark matter particles of the SC and LC profiles tested in Cole et al. (2012) , as well as the nfw0 and cored0 profiles described in the main text. Cuspy profiles such as the SC and the nfw0 profiles have larger fraction of slow particles (with v• < vs, here vs is the velocity of the infalling satellite and is taken to be the circular velocity of the considered dark matter halo) than the cored profiles such as the LC and the cored0 profiles. Figure A2 shows the dynamical effects exerted on GC3 by the background dark matter particles for the SC and LC profiles. Just like Figure 5 , GC3 experience dynamical friction at radii with a df < 0 and dynamical buoyancy at radii with a df > 0. The stalling radius is the radius at which a df = 0. Cole et al. (2012) has shown that the stalling radius of LC is at ∼800 pc, below which the GCs experience dynamical buoyancy. This result is well-reproduced by our analytical model that include the effects of fast-moving background particles and a velocity distribution calculated from the Eddington equation, as shown in the red solid line on the right panel of Figure A2 . The stalling radius of LC is underestimated by ∼ 25% if we assume Maxwellian velocity distribution (red-dashed curve) and the dynamical buoyancy cannot be reproduced at all if we only consider slow-moving background particles (blue curves). We note that for the SC profile, our analytical model has predicted a stalling radius of ∼ 100 pc, while the simulations of Cole et al. (2012) suggest that the GCs can sink below 10 pc. Even without the inclusion of fast-moving particles, tidal stalling alone predicts a stalling radii of ∼ 50 pc (blue curves). The discrepancies between analytic description of dynamical friction and the simulations could be caused by the lack of spatial resolution of the simulations, or that the velocity distributions in the innermost part of the halo cannot be captured by our simple assumptions. In either case, since the present-day location of the GCs are much greater than 100 pc, especially for GC1, GC2, GC3 and GC5, which provide the strongest constraints on the halo profile and merger history, such discrepancies at small radii would not affect our results.
APPENDIX B: CHEMICAL SUPPORT FOR THE MERGER SCENARIO FROM FORNAX'S CHEMICAL EVOLUTION
We consider here whether a merger with mass ratios of 1:5 to 1:2 are supported (or even permitted), given the observed metallically distribution function (MDF) of Fornax's field stars. For this exercise, we take the observed metallicity measurements of individual RGB stars within several local group dwarf galaxies (Leaman et al. 2013 , and references therein, as recalibrated by Starkenburg et al. (2010) ), perform superpositions of pairs of dwarf galaxies and then compare the combined metallicity distribution with that of Fornax. To avoid possible systematics introduced by binning, we apply this analysis on the cumulative distribution function (CDF) instead of the MDFs themselves.
To demonstrate the feasibility and support the premise Figure A2 . Acceleration due to dynamical friction, a df , experienced by GC3 under the steep-cusp (SC) and large-core (LC) profiles in Cole et al. (2012) . Red lines denote dynamical friction treatments including fast stars (FS). Blue lines denote slow stars only (SS). Solid and dashed lines are runs using velocity distribution function from the Eddington equation (EDD) and Maxwellian assumptions (MAX) respectively. Horizontal dashed line represent where GC3 should stall as the dynamical friction and dynamical buoyancy balance out each other. Corresponding figure for the nfw0 and cored0 profiles can be found in Figure 5 .
of a past merger for Fornax, we show in Figure B1 and B2 the combined stellar metallicity CDF for two sets of galaxy pairs which satisfy the mass ratio requirements: We show the observed MDF of Fornax in grey in the left panel of Figure B1 , and those of WLM and Carina in red and blue respectively. When computing the CDFs of each galaxy, we also take into account the measurement errors of the metallicities of individual stars. We did a Monte-Carlo sampling with 1000 realisations, each time varying the metallicity of each stars within a gaussian distribution with width equal to the star's measurement error.
We construct the combined CDF of Carina and WLM by drawing N1 and N2 stars from the normalised CDFs of the two galaxies, where N1 and N2 are determined by the stellar mass ratio between the two galaxies and Ntot = N1 + N2 is constrained by the total number of stars to be equal to the number of stars measured in Fornax. We again do a Monte-Carlo sampling with 1000 realisation, each time varying the total stellar mass within the measurement error, which we take to be 30% of the measured value.
The resultant 1000 realisations of the combined CDF is plotted in magenta and that of Fornax is plotted in black on the right panel of Figure B1 . We next perform a Kolmogorov-Smirnov test between the combined WLM + Carina, and the Fornax metallicity CDFs for each realisation -deriving a KS-test value of 0.12 +0.08 −0.04 . As a plausible representation of a dwarf-dwarf merger with mass ratio of 1:2, we compute a similar CDF of Sculptor and WLM as a comparison. We plot the MDF of Sculp- tor in blue on the left panel of Figure B2 . We perform the same exercise as in Figure B1 to obtain a combined CDF of Sculptor and WLM, with the Monte-Carlo realisations of the combined CDF shown in magenta on the right panel of Figure B2 . The analysis of the simulated MDFs of these mergers show comparable K-S statistics within the uncertainties. Our exercise, while simple, gives independent support from empirical chemical properties that a merger with mass ratio anywhere between 1:5 to 1:2 could have happened in the past of Fornax, plausibly giving rise to its field star MDF. This paper has been typeset from a T E X/L A T E X file prepared by the author.
